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Approach

* |Instead of developing a sigma-theta hybrid
coordinates dynamics code

* A generic coordinates dynamic code is
Implemented into NCEP GFS, so it can have
possible sigma, sigma-pressure, sigma-theta,
and sigma-theta-pressure combination hybrid
coordinates.

e Thus we can compare different coordinates
under the same system.
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The thermodynamics equation used in operational GFS is

dT, «T, dp
_ = F,
dt p dt ‘
where
T, =1+ (R, /R, —1))T
P Ry Ry Kq

Co Cpo+(Co—Cos)d 1+(Cs,/Chy 1)

with ideal-gas law of p=pRyT,

Including only standard atmospheric dry air and vapor,
but current GFS, we have humidity, ozone, and cloud water,
and other tracers will be added in.
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From the ideal-gas law for individual gas as

N
from P= Zpi

=1

P = piRT

N N
through P=2.pRT=p> LLRT = pRT

we have

=1

N
where pP= Z,Oi

i=1

=1

p=pRT

P
andlet Y9 =—

yo,

Ntracers

Ntracers Ntracers

we get R= ZqiRi:(l_ Zqi)Rd_l_ ZRiqi
1=0 =1 =1
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The thermodynamic equation, derived from internal energy
equation, should be written as

dC, T dp
dt  dt

P 12,9,

and the same as R

Ntracers Ntracers Ntracers

Cp = ZCPiqi =(1- Zqi)CPd T ZCPiqi
i=0 i=1 i=1

Our current tracers are
specific humidity, ozone and cloud water, thus Ntracers=3

Ri  287.05 461.50 191.87
Cpi 1004.6 1846.0 39370.
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Instead of using tracer equations to derive

dC,T dp
r =PQ
Into
N
dg. | 1 dp
> C, qj—+T(ZC | 'J——— Q

( —Nodt ) pdt
welet h=C,T| asa prognostic variable, enthalpy.
the above thermodynamics equation can be re-written as

dh_Khdp_Q | dT, «T,dp

dt  p dt comparing g g dt T
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From horizontal pressure gradient

We have

—VR), == (P), =" (D),

from generalized coordinate transform, above can be written

-0 wp), =21 vp), - 2 v |

from hydrostatic

D

7/

~-pg(@)

AD
and = =0(2)

or

= | ‘g(z)dz

the pressure gradient force and hydrostatic can be written as

October 15, 2008

(V) =" (Vp), - (VO),

A __xh
& P
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We can define potential enthalpy ® as following

h K
O=— where (7= (ij

2 Po

then total derivative of potential enthalpy can be derived as

d_@_g(ﬁ_hdmj_g[dh_mdp_h.ngﬁj_g_nrm%
dt  z\dt dt /| z\ldt p dt P, dt dt

T T

Po

if adiabatic, we have [|Q=0 and

if no sink/source 9% _g e have IR_0C _dx_,
dt dt dt dt

de

thus e 0 conservation of potential enthalpy
t
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Put enthalpy into generic coordinate system

* * *

Al , x AU ) x xh p [ .
—=-MU —-mvV — + fv
A ach aap P adl adk
* * * *2
v _ g v MDD —fu —m?sing
p acyp acp a
xh dp
p dt
ADI2) :_mz(w*@/éz’) L (DI)
A ach acy

A _ ey Hi g A
a ach acp
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Consider Multi-conserving

e The natural of the differential equations
e Conservation of momentum

e Conservation of total energy

e Conservation of mass

e Conservation of potential enthalpy

e (Juang 2005 NCEP Office Note #445)
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levels

K+1
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Conservation Constraint 1
Mass weighted vertically integration of PGF

e 4
I%(V®+%Vp)d§— I[V(ép ]—CDV D, D Kth]dé“

: o & A p
4 ¢
B o“pj D, A
= |VI—=—>ddl - V V
i(% - i( 4 P% p)d¢

- ¢ &p j gﬁDVp
vl Rofe- T2

4
(@
_vijg jdg ®.Vp, + D Vp,
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Since we need pressure at model layer and level

let P = f(ﬁkﬂ’ ﬁk)‘

SO Vp, = ﬂvﬁkﬂ + @Vﬁk

k+1 k

then let Lﬁj P =Py and

29

Ay

VﬁTop =0

the equation in the previous page can be written as

k=1 k+1

k

< ~ ~ R ~ | xh R "
Z[_q)kv(pkﬂ - pk)+ (pk+1 - pk{ 0 j [ P, VP, + @Vpk
k

\J] = ®Svp3

Expanding the above equation for all k, we will find

there can be grouped based on
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Regroup the previous equation, let each group=0, we have

_(Dk + (ﬁk+l B

~ &N - R xh
pk{ ] gi:l + (Dk+1 + (pk+2 B pk+l{?jk+l

ékarl
éﬁkﬂ

=0

) xh )
(D_l_p_ps{ j 1:(1)8
+ (P p ), &,

Thus hydrostatic between layers

) xh 5 —p,)
(Dk+1 — (Dk = _(pk+2 pk+l{ jk+1 2::1 (pk+1 B pk{ P Jk gz:

And let hydrostatic between layer and level

October 15, 2008

~ n n KN
(Dk+1 o (Dk+1 — _(pk+2 _ pk+1{j
k+1

@kﬂ

@kﬂ

=003
k+1 k+1 Mk éﬁkﬂ
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Conservation Constraint 2
Consistency in energy conversion term

From thermodynamic energy

@Lm:_mzu*m_mzv*m_ pa s dpJ
ol & adi adp " A p dt
| A1) _ _m{au*(ap/a@ . a«*(ap/aoj D)
A ach acp 24
Py Jar(Dh a (D] P
N ACH MG CN | 4
A acl acy 74 o, p dt
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From kinetic energy equation

*

apu*ku__z*o’u e AT géu kh &  AD fV*J
ol | a acl adp "L padi aci
« « « X2 ]
PAN g Ny N ga/ hop O —fsu*—mzs—sin¢
a | A acl acp ac p aﬁgo acy a |
1, gty ADIE) _ _mz(af(ép/o’m . W*(ép/a@j WasGIES,
2 A ach acp 24
) L2, (ép/ag)l
K =(p/d)—=(u ) (u +V?)
2 m?
DDKt _ K mivevk: » 6K
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DK _—@V-(vqnﬂVp)
Dt 24 P
:—V0(@®\7J+CDVO @Vj—@ﬂv VD
24 a ) dp
:_v,(@qﬁj_m L ADIE)  @I) | drhy o
e m A 24 a4 p
:_v.(@cpgj_@ 1| ADI) | OUDIZ) | D st 12(dp_5p_ 54))
& m?| & o | apmild a &
:‘V‘(@‘DVJ 1 | ADIA)  oldlan) | 1 ab(ap é,o“p) 1 P xh dp
& e & | ma\a &) mPas p dt
:_v.(@qﬁj_ 12 o (éeré}épj B 12 A xh dp
& m2a \& ")l mPas p odt
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From the known discretization of hydrostatic relation

-~ A A ’(h
—®, = _(pk+1 - pk{_] @
A (p 5 {Kh]
k+1 k+1 Mk @kﬂ

124
(ﬁé,j Aé,(pk+l )

the equation in the previous page can be written,
after some manipulations, as following

@j Dy By DB _aj o . De|2D| DD
R Vp“om[%gll aﬁk[g J
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For simplicity, we can have

D _ B _1

éﬁk B @kﬂ j

1
2

SO

1. .
Py = E(pk + pk+1)

In order to satisfy previous equation as

544

B

+m¥, eVp, o1

P
Z

X
2 4“&;]

It is obtained from in kinetic energy equation with
momentum conservation, if we apply it to thermodynamic
equation for potential energy equation

dh, _ (<h),

dt

Py

|

dpj
dt/,

then the total energy will be conserved.
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Discretizing continuity equation

with

(@] _ (ﬁk+1_ ﬁk)
24 Ag

dpkﬂ pk (dj ﬁ/ ) +u * é(ﬁkﬂ_ ﬁk) Ry * dﬁkﬂ_ ﬁk)
A aol adp) ¢ adi “ adp
| [P
<[§ a:jm (C a:jk>
vertical sum from top with 'Obj =[°5p] _
P (5% W G

we obtain pressure equation for all levels, including Ps

D,

A

——mZZ((p. p.+1)[

a’ & jwi*a(pi—lom)+
ac,

o1 ade 2

RECE

pi+1)

aop

e

N

2
g ),

October 15, 2008

4th isentropic coordinates

21




Substitute following

i=k+1

D
= Z((p. p.m(

acl

+u * 5(6. — ﬁi+1)

A aﬁgoj ' adl

éﬁkﬂ -m Z[(pl le)(aO% — } ui*é(pi_ pi+1)+v

_l_v*é(ﬁi — ﬁi+1)]_ ;@]

acy

acp

- APy~ P _(é;@

Into

dh, __(xh),

@k + éﬁk+1

dt - lak + E)k+1

|

A

p )+ maV, V(P + pk+1)+<[

3

)
%

We got energy conversion without vertical flux

dh,

dt

_Ghy,m’

pk + pk+1

_Z((p| p|+1)D +V .V(p| p|+1)) Z((p| p|+1)D +V .V(p| p|+1)

[\/k* ¢ V( E)k + f)k+1)

i=k+1

)
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Vertical advection for momentum, tracers, & potential h
Total integral of total derivative should be zero if no force
A « OA v A

A__ A o

A adl  a op g“
P _ {ﬁpu* . apv*j_ ool
a \adl adp) o

Combine them, we have
A _ﬁpAu* B IpAV” _gpAC
i ack  adp A

+ ok,

Then total integrate without forcing, we should have

..@__ ...Of‘)pAu* ...Of‘)pAV* ...Of‘)pAé./_
.i}k. é’é/

WA Ty add g adp
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If we combine equations without dealing vertical advection

as

OPA _ _gpAuU gpAv _pé',ﬁA B Aﬁp§+ F
A aci acy 74 174

Compare with the previous equation

DA AT AV AL

a ao ag a7
We have ,Oé'—A 5,04./: ﬁApg
ag a5 o
2] - [ﬁApc_Aﬁpé]
ac a a
A~ {4/ ) +(A k+1{ j;j

2(pk pk+1)
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Expand the thermodynamic equation as

_ (),
Pk

1

2

<

D,

ﬂk(@+ ma/ -V@j + ®k(@+ Mm%/ eV
a k a

A

+ @é‘il”>+ m2\7k VP, +§

e+
k

3

o o

k+1

apply
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We have

(0 L
ﬂk[g &gjk T [4 ag]

substitute advection teArm by potential hA conserving
¢2) a2 ), )6 () ) )

after some arrangement, we obtain

L) _ (), |[a
(gé’é/jk B Dy + Pra [é/é’gl i

FAN

) _ 1 < @j
(5 acl 2(b, — Bes) @:k

.

7Ty Ak — ﬁk+1
h, —(1—21( . S jh )
(”kl “ ‘ Py + Py ‘

3

+(c:,”5pj [[1+ 2, —— Ak”jhk —ﬂ"hkﬂ) -
)\ 4 Py t Py Ty

J
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Summary for finite difference

de* — (Kh)k @k + E)k+1 + dik — E)k+1 _ (ﬁk — r3k+1) éf’k + ﬁk+1 Z (Kh) {Oﬁl — ﬁi+1 i ﬁi — ﬁi+1 éﬁi + ﬁi+1:|
dt ﬁk + ka+1 aﬁ/z aﬁﬂ’ (E)k + ﬁk+1) aﬁ/ﬂt i=1 pl + p|+1 aﬁﬂ’ ﬁi + Ipi+1 aﬁﬂ’
ﬁDs pk pk+1 4’m)k i E)I Ipi+1 4’()”)

Ly fv,
aﬁ/z pk + pk+1 aﬁﬂ’ i=1 pl + p|+1 aﬁﬂ’
di - _ (Kh)k { k pk+1 + éﬁk — pk+1 _ (pk — ﬁk+1) éﬁk + ﬁk+l:| Z (Kh) lréﬁu — Ipi+1 _ E)i — Ipi+1 éﬁi + E)i+1:|
a

dt ﬁk + ﬁk+1 ap acp (ﬁk + ﬁk+1) acy i1 p. + p|+1L acy ﬁi + E)i+1 acy
Kh kel ~ A~ X *2
A P — P 5( )k Z E) E’ 5( ) —fu, —mZS"—sin¢
acdp Pt P adp i P+ Py adp a

ddk::k = ﬁ(_|_ %k 2|: .V(pk-i' pk+1) Z((p, p|+1)D +V .v(p| p|+1)) Z((p| p|+1)D +V .V(pl pl+1))

@__ 2K N OU_.* a/_.* *é(ﬁi_ﬁi+l) *OA(ﬁi_ﬁm) _(A@]
1 m %[(pi pi+1)[a0%+aé,¢j+ui 2N +V; ] 4

acy 29
ink _0
dt
0, A0, . D] 06-00,| 38| 0.-0us
Where dt o (V V())<+ < ) P = Pra 554/ » P~ pk+1> for u’V’q
%—ﬂ 2\/" o 1 A@ A — 7y A@ O =B
and dt B a o (V Vhl+2<[§§§ ﬁk_f)kﬂ T gﬁgj ﬁk_ﬁkﬂ > for h
k k+1
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The generic vertical coordinate can be defined as

¢=F(py, P h)
The vertical flux can be obtained by

ﬁ_g _ 7= épsfck_i_(d:) éﬁk+(él:j dt]\k_o
Oftk_djsfckét @kd éhkét_

then, separating horizontal and vertical terms in equations

ébsfc :Lépsfcj
a \a),
@k:(épkj _(é@j
a \al, Ca),

@_1 A Ay @ @ @
a _2(01 T a jH ’ fun<(§§§l1,(§§;jk,(§§§jk+l>
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A specific hybrid coordinate can be defined as

ﬁk:Ak

; h C o /Ry
B P, +C [ S j
hOk—l+ hOk

The vertical flux can be obtained by

A

D

~ C, /R
A C. C,[h_.+h | “(ch, h) =
:B éps_i_ k Pd[ k-1 kj ( k1+ kj:Bk

“a h_+h R,

No_1 + Noi A A

+ éTk(m“

_|_

i

A

A

|

then, again, separating horizontal and vertical terms
after some arrangement, we have

Tk

+Cr

(5h ﬂkﬂ k+1)(é.»;b
(pk pk+1) aé’ k+1

(akz 2~ Yah 1

: hk)] [(ak(lpk“pkik)h )}> ( a:jk

(pk 1 pk)

1) 4884
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Grals: COLA/IGES
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T(genhyb sp)-T(analysis) DAY 5 FCST Sigma-P
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T(genhyt: enthalpy_ Spj T(unul;.rsmj DAY 5 FCST Enthalpy

B Gl el o =l =l =05 05 18 2F A A
GraDS: DOLASIGES 00 =17 =0E=T042
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T(genhyb st)- T(unulyms} DAY 5 FCST Sigma-theta

i!‘,.,_ “ ..........

Grala COLASIGES 006 =13 =06 =145

October 15, 2008 4th isentropic coordinates 34



T(genhyb Enthﬂlp}r St)-T(unﬂlySts} DAY 5 FEST Enthalpy
- : e ma-theta
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Grals: COLA/IGES
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T382L64
Tropic Wind 850mb 72hr

—+sigma-theta
—= sigma-p
sigma

correlation
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o’ o o\ oV o\ o\
date
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correlation

1382L64
Tropical Wind 500mb 72hr
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T382L64

Tropical Wind 200mb 72hr

-

-E ——sigma-theta
% = sigma-p

= - sigma

8
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0.951

NH 500 mb Geopotential Height at day 5

094 & 44l
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SH 500 mb Geopotential Height at day 5
for 00Z01JAN2006 — 00Z20JUN2006

AC scores
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TROPICAL 850 mb Speed at day 3
for 00Z01JAN2006 — 00Z220JUN2006
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TROPICAL 200 mb Speed at day 3

for 00Z01JAN2006 — 00Z220JUN2006
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RMS errors
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TROPICAL 200 mb Vector at day 3
for 00Z01JAN2006 — 00Z20JUN2006
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Frequency of Superior Performance (%)
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3 ICs versus 6 experiments for GB_ALL tracer

GB_ALL

@ 2007-07
m 2007-10
0 2008-01
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Accomplish/Problem/Solution

« Enthalpy sigma-p version is ready for CFSRR
and next GFS implementation

e But enthalpy sigma-theta coordinates run into
negative mass through current advection
scheme, In 2 to 3 days per month, then
model stops.

e Thus the positive mass iIs required to have
stable integration, it implies that we need
positive defined advection, which will be
iIntroduced and called as nislfv scheme.
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For mass conservation and positive advection, let’'s start from
§p+é’pu+§pv+§p§:0
A X & A
p=Ap

Consider 1-D and rewrite it in advection form, we have

(
2 @
X —direction

\ 4 x Px
”@] __
\ dt X —direction é(

Advection form is for semi-Lagrangian,
but it is not conserved if divergence is treated as force at mid-point,
So divergence term should be treated with advection
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Divergence term in Lagrangian sense is the change of the volume
if mass is conserved, so we can write divergence form as

A 1dA,

& CA, dt

Lagrangian _ sense
Put it into the previous continuity equation, we have
dpA, 0
dt X —direction
DA, DA,
A

X —direction

which can be seen as —
(,0 AX)departure o ('0 AX)arrival
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I:)L DR
n-1 " +
N I A\ \
A Ar
AA

pg_lA D= p/rleAA
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The given value can be presented piece-wisely by

p=3(X)

so the previous mass equality can be replaced as following

DR an- AR an+
| " S5 () = | S (X)

Also we want to make sure that total mass is conserved as

DS (x)dx = hSIH(x)dx =P SIH(x)dx = P SEH(x)dx

where subscript R is regular grid
D is departure grid
A is arrival grid for

This implies that mass conservation should be used during interpolation
from reqular cell to departure cell and from arrival cell to regular cell.
thus, we apply monotonic PPM for S(x).
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Gaussian 256 x 128 with time step of 1800 sec
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arbitrary tracer at initial condition 512x256
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I
B0 70 80 a0
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B0E

10

arbitrary tracer after 3 days 512x256
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arbitrary tracer after 6 days 512x256
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10 20 30 40 50 60 70 BO 80
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arbitary tracer after 10 days 512x256 dt=900s

i &0E 120E 180 120% &0
I
60 70 B0 50
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ur 06 control run

SPFH(g/kg) model layer 40 ho
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control

12h fcst specific humidity

at mOdel Ia.yer 40 SPFH(g/kg) model layer 40 hour 12 with nislfy
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SPFH(g/kg) model layer 40 hour 2
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control Mg =p S

605

72h fcst specific humidity -
at model layer 40

SPFH(g/kg) model layer 40 hour 72 with nislfy
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control

ohr fcst cloud water
at model layer 35

nislfv
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CLW(g/kg) model layer 30 hour 12 control run
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at model layer 30
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CLW(g/kg) model layer 20 hour 24 control run

control

24hr fcst cloud water
at model layer 30

nislfv
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CLW(g/kg) model layer 5 hour 72 control run
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at model layer 5
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October 15, 2008

BOE 120E 180 120W

=0.1+0.640.00. 080 & =0 — - 06 - D050000.000.00R.008.008.0080.01 0.1 1 5 10



Conclusion & Future Works

« Enthalpy generic vertical coordinate has been
Implemented into NCEP GFS for CFSRR and
operational GFS in sigma-p version, with multi-
conserving schemes.

* Mass conserving positive advection with semi-
Lagrangain should be a stable scheme for large
time step in sigma-theta hybrid coordinate.

* Final step to have sigma-theta requires

— Completing semi-implicit semi-Lagragian mass
conserving positive advection

— Long period of parallel runs to obtain statistic scores
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